NEW FAMILIES OF CALABI YAU 3 FOLDS WITHOUT MAXIMAL 
UNIPOTENT MONODROMY 

ALICE GARBAGNATI 

Abstract. The aim of this paper is to construct famiUcs of Calabi-Yau 3-folds without boundary 

points with maximal unipotent monodromy and to describe the variation of their Hodge structures. 

_ In particular five families are constructed. In all these cases the variation of the Hodge structures of 

>«.i^ ' the Calabi-Yau 3-folds is basically the variation of the Hodge structures of a family of curves. This 

Cn ^ allows us to write explicitly the Picard-Fuchs equation for the 1-dimensional families. 

^.^i These Calabi-Yau 3-folds are desingularizations of quotients of the product of a (fixed) elliptic curve 

jrt ' and a K3 surface admitting an automorphisms of order 4 (with some particular properties). We 

show that these K3 surfaces admit an isotrivial elliptic fibration. 
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0. Introduction 



A Calabi-Yau variety Y is a smooth compact Kahler m.anifold with a trivial canonical bundle and 
such that H'^(Y,Oy) = if < i < dim{Y). The main conjecture on the families of Calabi-Yau 
i^H ' 3-folds is the mirror symmetry conjecture that, roughly speaking, predicts the existence of a mirror 

d , family for each family of Calabi-Yau 3-folds. This conjecture is stated for families of Calabi-Yau 3- 

folds admitting a boundary point with maximal unipotent monodromy, otherwise it is not clear how 
to define the mirror family. For this reason it seems important to construct examples of families of 
Calabi-Yau 3-folds without maximal unipotent monodromy, to describe the variation of their Hodge 

►^ , structures and their parametrizing space and to give explicitly their Picard-Fuchs equations. 

Q^ , We recall that an automorphism on a Calabi-Yau Y of dimension n is symplectic if it acts as the 

^D ■ identity on the 1-dimcnsional space iJ"''°(Y), otherwise it is non symplectic. In order to construct a 

^>— ^ , Calabi-Yau of a given dimension one can consider the desingularization of certain quotients of prod- 

lO ' ucts of Calabi-Yau varieties of lower dimension by finite groups of automorphisms. This construction 

^^ \ is very well known ([B], |CH| . [Rlj . |R2] . [Vlj l In particular Rohde f |R2| l produces in this way 

families of Calabi-Yau 3-folds parametrized by Shimura varieties. The Calabi-Yau 3-folds considered 
in [R2J are obtained as quotient of the product of a K3 surface and an elliptic curve by the group 
Z/3Z, and both the K3 surface and the elliptic curve considered admit Z/3Z as group of non sym- 
plectic automorphisms. In jGvG] the K3 surfaces used in the Rohde's construction are shown to be 
\^ • desingularizations of the quotient of the product of two curves by the group Ij'i'L and hence the 

5^ \ Calabi-Yau 3-folds are desingularizations of the quotient of the product of three curves by the group 

(Z/3Z)^. This allowed us to determine explicitly the Picard-Fuchs equation of a 1-dimensional family. 

Here we use a similar construction, considering K3 surfaces and elliptic curves admitting non sym- 
plectic automorphisms of order 4. The main problem is that there is not yet a complete classification 
of the K3 surfaces admitting a non symplectic automorphism of order 4. However the construction 
used in jGvG] can be considered also in this situation. Indeed we will consider the product of the 
elliptic curve Ei (i.e. the elliptic curve admitting a non symplectic automorphism ue of order 4 ) with 
a curve C/ of genus g which admits an automorphism ac acting with eigenvalues i and — i on the 
space of the holomorphic 1-forms and such that one of the eigenspaces has dimension 1. The quotient 
of the product Ei x C/ by an automorphism obtained from ue and ac admits a desingularization 
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2 FAMILIES OF CALABI-YAU 3-FOLDS WITHOUT MAXIMAL UNIPOTENT MONODROMY 

which is a K3 surface Sf with a non symplectic automorphism, as, of order 4. 

In sections [2j [3l HI we construct K3 surfaces with a non symplectic automorphism of order 4 such 
that its fixed locus and the fixed locus of its square consist of isolated points and rational curves. In 
particular in Section [5] we construct the K3 surfaces Sf as quotient of the product of an elliptic curve 
Ei and a curve C/ (described in Section [T|) by the group Z/4Z. In Section [3] we describe the family 
(5f,2 of K3 surfaces as isotrivial fibration with section. In Section 2] we observe that the surfaces 5*/ 
admit a description as 4 : 1 cover of P^ and we construct another family, R, of such a K3 surfaces. 
In Section [S] we consider the quotient oi Ei x S by the automorphism a^ x ag, where S is one of 
the K3 surfaces constructed. This quotient admits a desingularization which is a Calabi-Yau 3-fold. 
The main result of the Section [5] is the description of the Hodge structure of this Calabi-Yau 3-fold 
and of its variation. In the Section |6] we show that the Picard-Fuchs equations of the families have 
no a solution with maximal unipotent monodromy. We write these equations explicitly for the two 
1-dimensional families we constructed. 

The properties of the families of Calabi-Yau 3-folds obtained and of the K3 surfaces and curves 
involved in their construction are summarized in the following table: 



Family of 
Calabi-Yau's 


h^'^ 


h'''^ 


Related family of 
K3 surfaces 


Transcendental 
lattice of K3 


Related family 
of curves 


Parametrizing 
spaces 


Ysi 
(Remark lb. bl) 


90 





Xsi 
(Section 12.1]) 


U{2) 


(Section P 


point 
(Corollary IbjJ 


Yh 
(Proposition 15.21) 


73 


1 


Sf2 

(Section |2^ 


(2)" © (2) © (-2) 


(Section P 


(Corollary |5/7| 


Yf, 
(Proposition l5.2l) 


56 


2 


(Section l2.2l) 


C/(2)^©(-2)^ 


C/3 

(Section [U 


B^ 
(Corollarv 15.71) 


W,2 

(Section |b^ 


61 


1 


(Proposition |3.1|) 


t/(2)^ 


E 
(elliptic curve) 


(Section lb. 2l) 


M 
(Section |5^ 


39 


3 


R 

(Proposition 14.21) 


C/(2)^ © (-2)" 







I'm grateful to Bert van Geemen for useful suggestions and for his kind support during the preparation 
of this paper. 

1. The curves C/^ 

In order to construct K3 surfaces and Calabi-Yau 3-folds with a non symplectic automorphism of 
order 4, we introduce the curves C/ . These curves admit a particular automorphism of order 4 and 
our construction can be done only for certain curves of genus g = 1,2, 3. 



Let us consider the hyperelliptic curves of genus g 
(1) Q. : ^'=rfg{r^), deg{f,) = 



fg without multiple roots. 



A basis of the space of the 1-holomorphic forms on Cf is given by {r°'dr/z}o<a<g-i- Set rjc '■= dr/z, 

ujc '■= rdr/z and vc '■— r'^dr/z. 

The curve Cf admits the automorphism ac '■ (r, z) -^ (— r, iz). 

We have a*(j{uJc) = —i^c, oi*c^^c) = i'HC and a*Q(vc) = ivc- In particular the action of ac on 

H^'^(Cf ) has only i and — i as eigenvalues and one of them has an eigenspace of dimension 1. By 

|vG[ Lemma 7.6] the curves admitting an automorphism ac of order 4 such that its action on the 

spaces of the one holomorphic form has only i and — i as eigenvalues and one eigenspace has dimension 

1, are exactly the curves Cf^ given in ^. 

We observe that if g = 3, the eigenspace of H^''^{Cf ) of dimension 1 is relative to the eigenvalue —i 

and a g = 1, the eigenspace of H^'^iCf ) of dimension 1 is relative to the eigenvalue i. For this reason 

in the following these two cases are analyzed separately (cf. Sections 12.11 12. 2p . 
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One can give a different equation for the curves C/ , which exhibits them as 4:1 cover of P^. Indeed 
let us consider the curves 

(2) Dg-. w* — h2{t)lg{tY, g — 1,2,3, deg(/i2) = 2, dcg(/g) = g, h2lg without multiple roots. 

These curves are 4:1 cover of P^ branched over the zeroes of /i2 and of Ig. By Riemann-Hurwitz for- 
mula, the genus oi Dg is g. Of course these curves admit the order 4 automorphism 7/3 : (w, t) M> (iw, t) 
which is the cover automorphism. 

In |vG[ Remark 7.7] it is shown that the curves C/3 and D^ are isomorphic. Let us focus on case 
g = 2. Up to a choice of coordinate of P^ one can assume that the equation of the curve D2 is 
^4 ^ t{t - l)2(i - A)^ The map (w, i) -^ r := w'^/{{t - l)(i - A)) is a 2 : 1 map D2 -» Pi (this can be 
easily check by writing the divisor associated to the meromorphic function vo^ /{{t — l){t — A))). By 
the definition of r, we find w"^ — r{t — l)(t — A) and substituting the new variable r in the equation 
of D2, we have r^ = t. Thus we find a new equation for 1)2, w^ = fir^ — 1)(''^ — A), which is, up to 
a choice of coordinates of P^ , the equation of C/j . Moreover the cover automorphism 7c induces the 
automorphism {w,r) 1-^ (iw, — r), which is the automorphism ac on the curve Cf^. 
The case 17 = 1 is very similar. Hence we proved that the curves C/ endowed with the automorphism 
ac coincide with the curves Dg endowed with the automorphism 7/5 . 

We recall the following result on moduli space of the curves C/ : 

Proposition 1.1. (cf. |vGp The curves Cf are parametrized by the symmetric domain U{l,g — 
1)/(C/(1) X U{g - 1)) ~ Bs-i := {w G Ca-^\ \\w\\ < 1} . 

2. The K3 surfaces Sf with a non symplectic automorphism of order 4. 

In this section we construct the K3 surfaces Sf , which are the desingularization of the quotient of 
product of the elliptic curve Ei (the elliptic curve with a non symplectic automorphism of order 4) 
and the curve Cf by an automorphism of order 4. We first consider the case g = 1 and after that the 
other two cases because the choice of the automorphism of order 4 depends on the eigenvalues relative 
to the eigenspace with dimension 1. 

2.1. Case .g = 1: a K3 surface described by Shioda and Inose. The curve Cf , in case g — 1, 

is the elliptic curve Ei. We recall a construction presented in [ST which produces a K3 surface as 

quotient of the product surface Ei x Ei :^ Ei x Cf^ . 

Let Ei be the curve v^ = u{v?' + 1) and ue be the automorphism as ■ (w, v) H> (— m, iv). 

A generator of H^'^{Ei) is rjE '■= du/v and we observe that a*^{rjE) — irjE- 

The surface {Ei x Ei)/a% x ue is a singular surface and its desingularization is a K3 surface, described 

in [Sll Lemma 5.2]. Here we give explicitly the quotient map. 

Let the coordinates of the first copy of Ei be (wi, wi) and the coordinates of the second copy of Ei be 

{u2,V2)- Let us consider the surface defined by the equation 

(3) y^ = x^ + t^{t+lfx. 

We observe that uiv^u^, viV2U^, u^ are invariant under the action of a'^^ x ue- The quotient map 

TT : El X Ei ^ {Ei X Ei)/{a% x as) is 

TT : {{ui,vi); {u2,V2)) 1-^ {x := U2vlu\,y := V2vlu\,t := u\), 

indeed it is clear that x, y, t satisfy the equation ([3]) and if two points of Ei x Ei ((ui, wi); (u2, V2)) 7^ 
{{u'-y^v'i)] {u'2, V2)) are such that 7r((ui, wi); (u2, V2)) — 'k{{ui,vi); {u2, ^2)), then there are the following 
possibilities: 



Ul = Uj, 


Vl = -Ul, 


U2 = M2, 


V2 = -V2 


ui = -u[, 


vi = iv[, 


U2 = -u'2, 


V2 = —iv'2 


Ul = -u[, 


Vl = -iv[, 


U2 = -u'2,, 


V2 = iv'2 



thus TV identifies exactly the points in the orbit of a^ x as on Ei x Ei. 

The elliptic fibration (|31) is the one described in [SI] . The desingularization of such an elliptic fibration 
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has 2 fibers of type ///* and one of type Iq . The K3 surface Xsi , desingularization of the surface 
defined by the equation ([3]), has Picard number 20 and hence its moduh space is zero dimensional. 
The surface with equation ([3]) admits an automorphism {x,y,t) — >■ {—x,iy,t) (induced by as x Ic), 
which extends to a non symplectic automorphism ax of Xsi such that ax (vx ) = ivx , where rjx is 
a generator of H^''^{Xsi). The transcendental lattice of Xsi is isometric to the lattice (2)^ (cf. [SI]). 

2.2. The cases 5 = 2,3. In the following we will denote by H°"'^{Cf )\ the eigenspace of H°-''{Cf ) 
for the eigenvalue A with respect to the action of ac on H'^'^{Cf^) and by H°-'''{Sf^)\ the eigenspace 
of H°-'^{Sf ) for the eigenvalue A with respect to the action of as (cf. Definition 12. ip on H°-'^{Sf ). 

Let us consider the product surface Ei x Cf and the automorphism aE x ac on it. One has: 



(4) 
{H^-\E,xCf^)y 



•SiiVE /\Vc)(S{VE /\Vc) 



(S{VE A ^) ® {rjE A P^) © (^ A 77c) © (W A i^c) 
where rjc is the conjugate of rjc, etc. In particular 



aEXac\ ) 9 — ^ 



if .9 = 2, 
if g = 3, 



Let us consider the elliptic fibration 

(5) £: y^^x^+xsfgisf. 

The map n : Ei x Cf^ -^ £ defined by 

TT : ((u, v); (z, r)) M. (x := uz ,y :— vz ,s:=r ) 

is the quotient map S^ x C/^ — > (i?i x C/^) /a^ x ac (this can be proved as in Section [^?T|) . 
By standard results on the singularities of an elliptic fibration we easily deduce the kind of singularities 
of £ by the zeroes of sfg{s)^ (cf. |Mi[ Table IV. 3.1]): we have one singularity of type Ai over s — 0, 
g singularities of type D4 over the zeroes of fg{s) and one singularity over s = 00 which is either of 
type £'7 if (7 = 2 or of type Ai ii g = 3. These singularities are A-D-E singularities, hence there exists 
a desingularization of (Ei x C/^) / {as x ac) which is a K3 surface. 

Definition 2.1. Let Sf^ be the desingularization of [Ei x C/^) / {as x ac) and let as he the auto- 
morphism induced on Sf by the automorphism as on Ei. 

The automorphism as is as : {x,y,s) 1-^ {—x,iy,s). Since H'^'^{Sf^) = Crjs, with rjs — tje i^<-^c, 
ctsivs) ^cts on H'^''^{Sf ) as a multiplication by i. 

Remark 2.1. In case g — 1,2 one can also consider the quotient Rf := {Ei x Cf )/{aE x a^) which 
admits an equation of the form y^ = x^ -\- xs^ fg (s)^. The quotient map generalizes the one considered 
in the previous section and is 

{{u; v); {z; r)) -^ [x := uz r ly :— vz r , s :— r ). 

In case g = 1, Rf^ = Xsi, in case g = 2, the desingularization of Rf^ is isomorphic to S'/j (it suffices 
to perform on P^ the automorphism s M- 1/s). 

Proposition 2.2. For a generic choice of the polynomial fg, the K3 surface Sf admits an elliptic 
fibration with one fiber of type III (two tangent rational curves) over s = 0, g fibers of type /q (with 
dual graph D4) over the zeroes of fg{s) and one reducible fiber over infinity which is either of type 
III* (with dual graph E-j) if g — 2, or of type III if g — 3. This fibration has no sections of infinite 
order, has a section of order 2, a, and a rational curve /? as bisection. 
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Proof. The equation dS]) of 5 is the equation of the quotient surface [Ei x C/^) / (a^ x ac)- The 

desingularization of £ gives an elhptic fibration with the singular fibers described (cf. |Mi[ Table 

IV.3.1]). 

The equation of £ can be written as wy'^ = x^ + xiu^ s f g{s)'^ . With these coordinates the zero section 

is O : s — !> {x{s):y{s):w{s)) — (0:1:0) and Sf admits a section of order 2, cr : s n> (0:0:1). Moreover 

it is clear that the fibration on Sf admits a bisection /3 with equation x^ = — s/g(s)^. This is a 2:1 

cover of P^ branched over s — and s = oo, hence /3 is a rational curve. 

We have now to prove that there are no sections with infinite order. 

The trivial lattice (i.e. the lattice generated by the class of the section O and by the classes of the 

irreducible components of reducible fibers) of this elliptic fibration on Sf has rank equal to 18 if g = 2 

and to 16 if g = 3. Hence the rank of the transcendental lattice Ts^ of Sf^ is 

(6) ™-^(^-/J^{6 ![' = 3' ■ 

The family of curves Cf has g — I moduli {fg has g zeroes, and one of them can be chosen to be 
1, so there are g — 1 free zeroes of fg) and since Ei is rigid, the surface Sf has g — 1 moduli. All 
the members of the family admit as as non symplectic automorphisms of order 4. The moduli of a 
family of K3 surfaces admitting a non symplectic automorphism of order 4 is rank(r)/2 — 1, where 
T is the transcendental lattice. Since the family Sf is at least a subfamily of the family of K3 
surfaces admitting a non symplectic automorphism of order 4, the number of moduli of Sf is at most 
rank{Tsf )/2 — 1, hence 

rankjTsJ ( i a g = 2 

^ ' 2 - \ 2 if .9 = 3 ■ 

Comparing (|6]) and (O one obtains that rank{Tsj ) = <? — 1. In particular this implies that the rank 
of the Neron Severi group of Sf is the same as the rank of the trivial lattice of the elliptic fibration 
on Sf and hence there are no sections of infinite order. D 

Remark 2.3. Since the classes of the irreducible components of the reducible fibers and of the sections 
of an elliptic fibration generate the Neron Severi group of the surface, one can directly compute the 
discriminant form of the Neron-Severi group of each of these K3 surfaces. By this computation one 
deduces that the transcendental lattice of Sf^ is isometric to t/(2)^ © (~2)^ and the transcendental 
lattice of % is isometric to U{2) © (2) © (-2). 

2.3. The order 4 non symplectic automorphism on Sf . 

Proposition 2.4. In the case g — 2, the fixed locus of as is made up of 3 rational curves and 10 
points and the fixed locus of Og is made up of 8 rational curves (3 of them are fixed by as, the others 
are invariant for as)- 

In the case g = 3, the fixed locus of as is made up of 2 rational curves and 8 points and the fixed locus 
of a^g is made up of 6 rational curves (2 of them are fixed by as, the others are invariant for as)- 

Proof- The fixed locus of a'g. The automorphism a'g is a non symplectic involution on a K3 surface, 

hence its fixed locus is either empty or made up of disjoint curves (cf. IN2I). The sections O and a 

and the bisection /3 are fixed rational curves. 

We now describe the action of a| on the irreducible components of the reducible fibers. We will call 

Cq the component of the i-th reducible fiber which meets the zero section. For the fibers of type /// 

we call CI the other component. 

The 2-torsion section meets the fibers of type /// in the component Ci . The component Cq (resp. 

Ci) meets the zero section (resp. the section a), which is a fixed curve and hence cannot be fixed (the 

fixed locus consists of disjoint curves). The point of intersection of Cq and Ci is fixed, but since the 

fixed locus does not contain isolated fixed points, this point is on the bisection /? (one can also directly 

check that the bisection /3 meets the two rational curves of the fiber in their intersection point) . 
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The fibers of type /q are made up of five rational curves witfi tire following configuration: 

Co C2 

o o 

Ci 

The section O meets the component Co, the section a the component Ci and the bisection j3 the 
components C3 and C4. Since the fixed locus is smooth, one obtains that the components Ci, i = 
0, 1,3,4 are invariant, but they are not pointwisc fixed. The points of intersection of Ci with the 
curves C^, i = 0,1,3,4 are fixed and hence Ci is pointwise fixed. 
The fiber of type ///* is made up of eight rational curves with the following configuration: 

L'l L^2 <-^3 ^-4 l-^S "-^e 

o o o o o o o 

The section O meets Co, <J meets Cg and the bisection /3 is tangent to C7. Arguing as before one 
concludes that the components Ci, C3, C5 are pointwise fixed, the others are invariant but not fixed. 
So the curves fixed by o?g are: O, a^ /?, the components Ci on each fibers of type /q and, if g = 2, the 
components Cj, j = 1, 3, 5 on the fiber of type ///*. 

Fixed locus of as- The sections O and a are fixed by as- The bisection j3 is invariant, but not fixed. 
Since it is a rational curve, the restriction of as on it has two fixed points: these are the points of 
intersection of j3 with the reducible fibers over s = and s = 00 (i.e. on the fibers which are not of 
type /q). Thus the two points of intersection of /3 with each fibers of type Iq are switched by as and 
hence on the fiber of type /p the components C3 and C4 are switched, so Ci can not be pointwise 
fixed but the intersection points between Ci and the components Cq and Ci are fixed. 
On the fiber of type ///* the point of intersection of C7 and /3 is a fixed point. The component C3 
is pointwise fixed and the components Ci and C5 are invariant. It is possible that they are either 
pointwise fixed or invariant but not pointwise fixed. To understand which case occurs we consider the 
Lefschetz fixed point formula: 

x{FiXas{S)) = ^(-l)'"trace(as|H-(sx)), 

r 

where FiXasiS) is the fixed locus of as on S and x is the topological Euler characteristic. 
Here we are in case g — 2 (because for ^ = 3 there is no fiber of type IIP). From the description of 
as it is clear that as acts with eigenvalue —1 on the classes C3 — C4 and C3 — C4 (assuming 
that the second and the third fibers are the fibers of type /q ) and acts trivially on the other classes in 
the Neron-Severi group. Hence the eigenspace for the eigenvalue —1 on NS{Sf^) (8) C has dimension 
2 and the eigenspace for the eigenvalue 1 has dimension 16. Moreover as acts as the multiplication 
by i on the period r/Sf , so it acts with eigenvalue i on a 2-dimensional subspace of T5 CS) C and with 
eigenvalue —i on the orthogonal 2-dimensional subspaces of Tg (g) C (cf. [Nl]). The action of 0^5 on 
H°{Sf^,C) and on H^{Sf^,C) is trivial and iJ^(%C) = H^{Sf^,C) = since Sf,, is a K3 surface. 
Hence the right side in the Lefschetz fixed point formula is 1 + 16 + 2(— 1) + 2i + 2{—i) + 1 = 16. 
We recall that the Euler characteristic of a point is 1 and of a rational curve is 2. By the description 

of as either F*x„,(5/J = (utlP^) U {UU ^^ °'' ^^^-siSf,) = (ulllP^) U (U -=1 Q) where 

Pi are points and Cj are rational curves. It follows that FiXas{Sf2) — {Y[i=iPi ) U (lJi=i Cj ) and 

hence the components Ci and C5 on the fiber of type ///* are not pointwise fixed. 

To recap, if 5 = 2 the fixed locus of as is made up of 3 rational curves (O, a, and the component C3 



(8) 




H'iSf, 


,C)^ 


H'iSf, 


,C)- 


H\Sf^ 


,C)_ 


H'iSf, 


,C)i 
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on the fiber of type III*), and 10 points (1 on the fiber of type ///, 2 on each fiber of type /q and 5 
on the fiber of type III*); if g = 3 the fixed locus of as is made up of 2 rational curves (O, a), and 8 
points (1 on each fiber of type /// and 2 on each fiber of type /q). D 

In Q we computed the invariant part of II^'^{Ei x C/ ) and II^'^{Ei x C/ ) under as x ac- 
These spaces pass to the quotient. In the previous proposition we calculated explicitly the action 
of as on the curves C^, which are the curves arising from the resolution of the singular quotient 
(^Ei X C/g) / {aE X etc)- These curves are classes in NS{Sfg) C II^'^{Sfg). Hence here we can give 
the complete decomposition in eigenspaces of the second cohomology group of Il'^{Sf , C): 



{VEAiJc)®{VEAW) c^H'''°iSfJ®(H^'''{E,)®H"^\CfJ-A if .g - 2 

(veAljc) ® {ve/\V^) ® iVE^m ^ ^''°(5/J ® (H^'"{E,)®H"'\CfJ-,) if .g = 3 

1.1 _/ (Cf -Cf ,cf -Cf}®C if.g = 2 

■ ^^^'^^-i-j (Cf -Cf ,cf -Cf ,cf -Cf\}S5C if.g = 3 

{rmAuj^)(S{rf^ATjc)®{rm/\iyc) ~ i/°'2(5/J ® (ffO'i(^,) «> ^''°(Q,)-4 if 5 = 3 

^M.c , _/ (Cf -Cf,Cf -Cf)^-'^^.'®C ifg = 2 

^^''' \ (Cf -Cf,cf -Cf,c(^)-Cf\)^"^<^^.'®C if.g^3 

where, if i is a sublattice of M, we indicate with L^'^' the sublattice of M which is orthogonal to L. 

Remark 2.5. The previous computation can also be applied to the surface Xsi- By the description 
of the action of the non symplectic automorphism as on the singular fibers of the fibrations on Sf 
one deduces the properties of the fixed locus of automorphism ax '■ ax fixes 4 rational curves (one for 
each fiber of type ///*, the zero sections and the 2-torsion section) and 12 points (5 on each fibers of 
type ///* and 2 on the fiber of type /g), and a^ fixes 10 rational curves (4 of them are fixed by ax, 
the other are invariant for ax)- Moreover one can describe explicitly the eigenspaces for the action 
of ax on Il'^{Xsi, Z) as done for the surfaces 5*/^. D 

3. ISOTRIVIAL FIBRATIONS WITH SECTION AND THE FAMILY Qi,2 OF K3 SURFACES 

In the previous section we described K3 surfaces admitting an isotrivial fibration with section such 
that the smooth fibers are isomorphic to Ei . Each such a fibration has a minimial Weierstrass equation 
of type y^ = x^ + xait, s) where a(i, s) is a homogeneous polynomial of degree 8 and the maximal 
multiplicity of its zeroes is 3 (the conditions on the degree and on the multiplicity of the zeroes 
guarantee that the elliptic fibration is a K3 surface, jMij l. 

Definition 3.1. Let Qa be the K3 surface defined by y'^ — x^ + xa(t, s) and aq be the automorphism 
induced by the automorphism aE acting on the fibers, i.e. ag : {x,y,t,s) i— )■ {—x,iy,t,s). 

In order to construct families of Calabi-Yau 3-folds without maximal unipotent monodromy, we require 
that ag and its powers do not fix curves of positive genus. As in previous section one observes that 
the fixed loci of aq and ag are made up of points, components of the reducible fibers (which are 
always rational curves), the zero section, the torsion section a:{t:s) i-^- (0,0, {t:s)) (these are rational 
curves) and the bisection x^ = a{t,s). Hence aq and aq fix only points and rational curves if and 
only if x'^ — a{t,s) is not a curve of positive genus. If a{t,s) is not a square, then x^ — a(t,s) is a 
hyperelliptic curve and its genus depends on the zeroes with an odd multiplicity of the polynomial 
a(t,s). Recalling that the maximum degree of a zero in a{t,s) is 3 one sees that there are only 3 
possibilities for a{t,s), which correspond to the surfaces Xsi, Sf^ and Sf^ constructed in previous 
sections. 
The only other possibility is that a{t, s) = b'^{t, s) where b{t, s) is a homogeneous polynomial of degree 



8 FAMILIES OF CALABI-YAU 3-FOLDS WITHOUT MAXIMAL UNIPOTENT MONODROMY 

4 without multiple roots. In this case the bisection x^ — a{t, s) splits in the union of two sections, 
which are rational curves since the base curve of the fibration is P^ . Thus we have another family Qi,2 
of K3 surfaces. 

Proposition 3.1. Let E be the elliptic curve E : v^ = 6(i, s), deg{b) = 4, and let le be the automor- 
phism le '■ (v,i, s) I— )■ {—v,t,s). The desingularization of the product {Ei x E)/(a\ x le) is the K3 
surface Qy2 admitting the isotrivial elliptic fibration y^ = t^ + xb'^{t, s). 
This fibration has four fibers of type /q and three 2-torsion sections. 

The automorphism ag fixes 2 rational curves and 8 points, the automorphism Og fixes 8 rational 
curves (2 of them are fixed by uq, 4 are invariant for aq and 2 are switched by (Xq). 

Proof. The proof is similar to the ones of Propositions 12.21 and 12.41 D 

Remark 3.2. The transcendental lattice of Q\p. is isometric to f7(2) © C^(2) (cf. Remark |2.3|) . 

4. The 4 : 1 covers of P^ and the family R of K3 surfaces 

We discuss a different projective model for the K3 surfaces Sf (Proposition 14. ip and give another 
family R of K3 surfaces (Proposition |421) which admits a similar model. 

In [X] a one dimensional family of K3 surfaces Z admitting a non symplectic automorphism is con- 
structed as 4:1 cover of P^ branched along a quartic which is the intersection of a conic and two 
lines. In (X) Proposition 3.1] it is proved that this family admits an isotrivial fibration with general 
fiber isomorphic to Ei and the equation of the curve B which trivializes the fibration is given. In 
other words the curve B described in ^ is a curve such that there exists a finite group G such that 
the desingularization of (B x Ei)/G is the K3 surface Z. From the proof of [SI Proposition 3.1] 
it is evident that the curve B is the curve C/^ and the group G is Z/4Z which acts on Ei x C/^ 
as described in the Section [221 So the one dimesional family of surfaces which are 4:1 cover of P^ 
branched along a conic and two lines is the family Sf^ . Moreover, the non symplectic automorphism 
described in the Section [^31 is the automorphism of order 4 associated to the 4:1 cover of P^. We 
observe that the automorphism associated to the cover has to fix the three rational curves which are 
in the branch locus. Moreover it fixes 10 points. Indeed, to obtain a smooth model of the 4:1 cover 
of P^, one has to blow up the singular points of the branch quartic, introducing three rational curves 
with an A^ configuration for each singular points. The intersection points between the curves of each 
A-i configuration are fixed by the automorphism. Since the branch quartic has 5 singular points, the 
automorphism has 10 fixed points. The square of this automorphism fixes the rational curves fixed 
by the automorphism, and the central components of the curves in the A^ configuration. 
Here we prove that also the surfaces Xsi and 5/3 admit a similar description. 

Proposition 4.1. The 2- dimensional family of K3 surfaces which are 4-1 covers o/P^ branched along 
the union of two conies in general position is the family Sf^. The K3 surface which is the 4-'l cover 
of P^ branched along the union of four lines in general position is the surface Xsi . 

Proof. Up to a choice of the coordinates of P^ one can assume that the intersection between two conies 
are the points (1 : : 0), (0 : 1 : 0), (0 : : 1), (1:1: 1). So one can always assume that the K3 
surface which is the 4 : 1 cover of P^ branched along two conies is the 2-dimensional family 

s"* = (xia;2 + 0x2X3 + (a - l)xiX3)(xiX2 + bx2X3 + (b - l)xiX3). 

If we now consider the pencil of lines through (0:0: 1), i.e. X2 — Xxi, this gives a pencil of elliptic 
curves on the surface with j-invariant equal to 1728 (i.e. an isotrivial fibration on the surface with 
generic fiber isomorphic to Ei). To trivialize this fibration we consider the intersection of the pencil 
with the branch quartic and we put cci = 1, so the equation of the surface becomes 

s^ = {X + a\x3 + {a~ l)x3)(A + bXxs + {b - l)a;3). 

Now we have that 

(a;3 — h){x3 — k) = -{h — k)'^{z'^ — 1), where z is such that X3 = -{h — k)z + -{h + k), 
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SO putting h = ^x+a-1 ^^"^ ^ ~ b\+b-i ^^^ obtains 

- =(°^ + "-^^(^^ + ^-^ ^(aA + a-l)2(6A + ^l)2 (--^)^ 4(aA + .-l)(5A + 6-l) ^--^)- 
Considering the base change i?(p.A) ^ I^a with 



B 



(P,A) := i P = 



4_ A2(A+ 1)2(6 -a)2 



4(aA + a-l)(6A + &-l) 



and the change of coordinates t := — — (J\,\i^I — one obtains that the triviahzing curve Bt^x) is 



r 



4 _ \2/x , in2 



X^{X + iy{X-a'){X~b'), where a' := , b' 



a-1 6-1 

This is the curve C/3 with the equation given in ^ (assuming that one zero of I2 is at infinity) . So the 
surfaces which are 4 : 1 cover of P^ branched along a conic and two fines are the quotient of Ei x C/3 
by the automorphism ((s, z), (r, A)) M- ((is, z), (— ir, A)), hence the family of K3 surfaces which admits 
such a 4:1 cover of P^ is Sf^. 

The proof in the case the branch locus is made up of four lines is very similar. We only observe that 
the equation of the surface is s* = a;ia;3(a;i — X3){x2 — X3). D 

Proposition 4.2. There exists a 3- dimensional family of KS surfaces R which are 4 : 1 covers ofP'^ 
branched along a quartic curve with three nodes. All the K3 surfaces in this family admit an isotrivial 
fibration with generic fiber isomorphic to Ei and the order four automorphism, a^, induced on R by 
dE is the cover automorphism. The automorphism an fixes 1 rational curve (the branch curve) and 6 
points, the automorphism Oq fixes 4 rational curves (1 of them is fixed by an, the others are invaraint 
for ur). 

Proof. It is well known that the 4 : 1 cover of P^ branched over a quartic curve with at most A-D-E 
singularities admits a desingularization which is a K3 surface. It is immediate to check that, up to 
an automorphism of P'^, the irreducible plane quartic curves with three nodes are V{x\x\ + x\x'^ + 
x\x\ + ax\x2X^ + bxix\x^ + cxiX2x'^). Thus the family of R is 3-dimensional. The equation of the 
4 : 1 cover is s'^ — x\x\ + x\x\ + x'^x\ + 0x^x2X3 + bxix\x^ + cxiX2X§ and the cover automorphism is 
an : (s,xi,a;2,X3) 1— ?► {is,Xi,X2,X3,X4). The generic line of tfie pencil X2 = Xxi intersects tfie quartic 
in the node (0:0:1) and in two other points. This pencil of lines exhibits an elliptic fibration on R 
with general fiber isomorphic to an elliptic curve with j invariant equal to 1728 (we put X2 = 1): 

(9) 

For almost every values of A the Equation ^ gives an elliptic curve isomorphic to Ei with a non 
symplectic automorphism of order 4 (s, 2:3) -^ {is, X3), so as induces exactly an. The fixed locus can 
be computed as in case Sf^ . D 

In particular there exists a curve B and a finite group G of automorphism oi B x Ei such that i? is a 
desingularization of {B x Ei) jG. 

The family of K3 surfaces admitting a non symplectic involution fixing four rational curves is a 6- 
dimensional family and the transcendental lattice of a generic member of this family is isomorphic to 
[7(2)2 © (—2)'' (cf. jN2| '). It is the eigenspace T of the eigenvalue —1 for the actions of the involution 
on H^ . If the non symplectic involution is the square of a non symplectic automorphism of order 
4, the space T splits in the sum of the two 4-dimensional eigenspaces of the eigenvalues i and —i 
for the action of the automorphims of order 4 on fP' . The TJ^.o q£ ^ member of this family lives in 
one of these two eigenspaces and we can assume it lives in the eigenspace of the eigenvalue i. Hence 
the family of K3 surfaces admitting a non symplectic automorphism of order 4 whose square fixes 
four rational curves, has dimension 4 — 1 = 3 and the transcendental lattice of a general member 
is isomorphic to [7(2)^ © (—2)*. Since i? is a 3-dimensional family of K3 surfaces admitting an 
automorphism a^ of order 4 such that a|j. fixes four rational curves, these two families coincide and 
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the transcendental lattice of R, Tfj, is isomorphic to C/(2)^ © ("2)"*. By ,N2, . aj^ acts as the identity 
on the Neron-Severi group of the surface and as —1 on the transcendental lattice. Since au acts on 
H^'^{R) as a multiplication by i, the eigenspace H^{R,C)i of the eigenvalue i for au decomposes in 
H'^'^{R) © H^'^{R)i and has dimension 4, as said before. Similarly the eigenspace H'^{R,C)-i has 
dimension 4 and decomposes in H^'^{R) © H^'^{R)^i. The sum of the eigenspaces with eigenvalues 
+1 and —1 is NS{R) (8) C. Let x be the dimension of the invariant sublattice of H^'^{R) for aj^, and 
so 14 — x is the dimension of the anti-invariant sublattice of H^'^{R). Let C be the rational curve and 
Pi be the six points fixed by an. By the Lefschetz fixed point formula we obtain: 

8 = X [ [ I]pJ II (II C) J = 1 + a; + (14 - x){-l) + 4^ + 4{-i) + 1 = -12 + 2x. 

So a; = 4. Thus the dimensions of the eigenspaces of H^{R, Q) for the action of a^ are: 

dim (H^{R, C),) = dim{H^'°{R) © H^'^{R)i) = 4, dim (H^{R, C)_i) = dim{H'^'\R)^i) ^ 4, 

dim [H^R, C)_,) = dim{H^'"{R) © H^'^{R)^,) = 4, dim [H^R, C)i) = dim{H^'^{R)i) = 10. 

Remark 4.3. In N2 it is proved that the families of K3 surfaces admitting a non symplectic in- 
volution fixing k rational curves, k = 10,8,6,4, is (10 — fc)-dimensional and the generic member of 
each of these families has transcendental lattice isometric to U{2) li k — 10, either to C/(2)®^ or to 
C/(2) © (2) © (-2) if fc = 8, to f/(2)®2 © (-2)®2 if fc ^ 6, to C/(2)®2 © (-2)'' if fc = 4. For each of these 
families we constructed a ((10 — fc)/2)-dimensional subfamily admitting an automorphism of order 4 
whose square is the involution fixing k rational curves. 

5. Families of Calabi Yau 3-folds. 

Once one has a family of K3 surfaces with a non symplectic automorphism of order 4 such that its 
fixed locus and the fixed locus of its square consist of rational curves and points, one can construct 
Calabi- Yau 3-folds as quotient of the product of these K3 surfaces with the elliptic curve Ei . In the 
previous section we constructed some families of K3 surfaces with the required automorphism. In 
Section 15.11 we construct families of Calabi- Yau 3-folds 1/ considering the families of K3 surfaces 
Sf , giving all the details. The construction in the other two cases (starting with the families of K3 
surfaces Qi,2 and R) is very similar and is presented in sections 15.21 and [5.31 

5.1. The desingularization Yj^ of the quotient (£'i x 5/^) / (a|; x as)- Let Vf^ be the (singular) 
3- fold (E'i X S'/g) / (a|; x as) and 1/^ its crepant desingularization. 

Remark 5.1. The desingularization of Vf can be also viewed as the desingularization of the quotient 
(^Ei X Ei X Cfg) I {{c?E X as X 1, 1 X as X ac)) or of the quotient [Xsi x Cf^) / {ax x ac)- Indeed 
let Ssing := {Ei X CfJ / {as x ac) (resp. X^ing := [Ei x Ei) / (a^ x a^,)) and as, (resp. ax J the 
automorphism induced by as- So we have birationals isomorphisms: 

{E^ X Ssing) / («! X QsJ ~ {Ei X Ei X CfJ / {{a% X as xl,lx as X ac)) ~ {Xstng X CfJ I {ax, x ac) ■ 

Since the automorphisms c?^ x as x 1 and 1 x aE x ac commute on Ei x Ei x Cf we can consider 
the quotient [Ei x Ei x Cf^) / {1 x as x ac) (resp. [Ei x Ei x Cf^) / [a^ x as x l)), and resolve its 
singularities, obtaining Ei x Sf (resp. Xsi xCj ). Since the automorphism a\ x aE x 1 (resp. 1 x as x 
ac) induces the automorphism a^; x as (resp. axxac) onEiXSf^ (resp. on XsixCf^), the desingular- 
ization Yf^ of the quotient Vj^ is a desingularization of (^Ei x Ei x Cf^) / (a|; x as x 1, 1 x aE x ac) 
(resp. Xsi x CfJ {ax x ac))- 

The holomorphic forms on the smooth part of the quotient Vf are the images of the a'^ x ag-invariant 
holomorphic forms on EiXSf . Since as acts as the identity on H^'^{Sf ) and as the multiplication by 
i on H^'^{Sf ) and a|; acts as the identity on H^'^{Ei) and as the multiplication by —i on H-^''^{Ei), 



ALICE GARBAGNATI 11 



,3 



we have: 

(10) (if2.0(^^ ^ Sfjr^^^- = ((HO-0(i?0 ® ^''°(5/,)) © (i/i-"(i?0 ®i?''°(^/J))""""' = 

Moreover 

^ ^ H'■HE^ X %,)"-><"'' = (H°'°(i?,) ® i?i'i(5/Ji) © (i/i'H^.) ® H^'^iSfJ) ■ 

So d^m{H^■\E,xSfy^-"n = [I jf ^ ^ 3 and dzm(iJi-i(i?,x5/J"^x"-0 = | |J jf ^ = ^ . 

The locus with a non trivial stabilizer for the action of a|, x 0^5 on Ei x S*/ is given by the product 
of the locus with a non trivial stabilizer for the action of as on Sf and of a^ on Ei. On Ei there 
are two points fixed by a^, on which the local action is the multiplication by —i. The action of as 
can be linearized and diagonalized near the fixed locus (cf. |Nlp . in particular near the fixed curves 
it is diag{i, 1) and near the isolated fixed points it is diag{i^, —1). Hence on Ei x 5*/ the action of 
a^ X as linearizes as diag{i, 1, —i) near the curves fixed by a\ x as and as diag{—i, —1, — i) near the 
points fixed by a\ x as- 

Proposition 5.2. There exists a desingularization Yf^ of [Ei x 5*/^) / [a^ x as) which is a smooth 
Calabi-Yau variety. Its Hodge numbers are 

1,1.x. ^_ J 73 '/.9 = 2 ^2.l,^^_/l ^f 9 = ^ 



By the Proposition l2.4[ we have Cg ~ <^ ^ -r — ■) ' ^'^'^ '^g ~ { a -f — q • '^^^^ fixed locus of 



h'''(Yf) = i " V o , ^ (^f)-i o ■, 

^ ^0' \ 56 if g ^3 ' ^ '"' \ 2 if g = i 

Proof. The existence of the desingularization of (-Ei x 5"/^) / (a|; x as) is proved in |CH) (indeed the 
action of a% x as linearizes near the fixed locus as prescribed by the hypothesis of |CHI Proposition 
4.1]). Here we describe explicitly the desingularization of this quotient in order to compute the Hodge 
numbers of Yr . 

J g 

Step 1: the fixed locus. The fixed locus of as on the K3 surface Sf consists of Cg rational curves Ci, 
i = 1, . . . , Cg and 2dg points Rh,j, h — 1,2, j — 1, .. .dg. The fixed locus of a| consists of course of 
the rational curves Ci and of dg rational curves Dj, j = 1, . . . dg. The points fixed for as are on the 
curves fixed for a|, in particular Rh j^Dj,h~l,2, j — l,...dg. 

2 if .9 = 3 '^ndrfg-j ^ .^^^3 
a^ on E is made up of two 2-torsion points Pi , P2 and the fixed locus for a^ consists of the 2-torsion 
group of E, i.e. of E[2] = {Pi, P2,Qi,Q2}- We observe that a%{Qi) = Q2. 
Hence the fixed locus of [a^ x as) consists of: 

• 2cg curves of type Pi x Cj i = 1,2, j = 1, . . . Cg, 

• 2cg curves of type Qi x Cj, i = 1, 2, j = 1, . . . Cg, 

• 2dg curves of type Pi x Dj i ^ 1,2, j ^ 1, . . . dg, 

• 2dg curves of type Qi x Dj, i = 1,2, j = 1, . . . dg. 

The curves Pi x Cj are in the fixed locus of a^ x as , the curves Pi x Dj are invariant for a^ x as , 
but they are not fixed: on each of them there are two fixed points. The other curves are switched by 
a|; X as, indeed {a% x as){Qi x Dj) = Q2 ^ Dj and (a|; x as){Qi x Cj) — Q2 ^ Cj. 

Step 2: the desingularization Z f^ of the quotient (Ei x Sf) / (a'^ x as) . The curves fixed by (a^ x 
as)"^ are Acg+4dg. Let Ei x Sf be the blow up of Ei x Sf along the fixed curves. The automorphism 
<^E ^ '^s induces an automorphism a^ x as on Ei x Sf of order 4, whose square fixes the exceptional 
divisors on the fixed curves. The exceptional divisors on Ei x Sf^ are ^{■^f(PixC.j)/(EixSf )) (resp. 
P(A/(p,xD,)/(B.xS/,)), ]P(A/(Q,xD,)/(BxS/,)), P(A/(Q.xD,)/(BxS/g))), SO they are the projectivization of 
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a rank 2 bundle over Pi x Cj (resp. Pi x Dj, Qi x Cj, Qi x Dj) which are rational curves. Hence the 
exceptional divisors are P^ -bundles over rational curves. We will denote the exceptional divisor on a 
curve F as i^. ,_-^_^ 

Let Zf be the quotient of Ei x Sf by {a\ x as)^- This is a smooth 3-fold, and the quotient map 

Ei X Sf —^Zf is a 2:1 cover ramified on Pi x Cj, Pi x Dj, Qi x Cj, Qi x Dj. We have the following 
commutative diagram: 

E, X Sf^ ^ E^f^ 

i i 

where {Ei x Sf^)/a^^ x a| is the desingularization the quotient of {Ei x Sf^)/a\ x a|. 

Step 3: the desingularization of the quotient {Ei x Sf^) / {a^ x as). The automorphism a^ x as 
induces an automorphism of order 2, az, on Zf^. Since {a^ x as){Qi x Cj) = Q2 ^ Cj and {a\ x 

as){Qi X Dj) = Q2 X Dj, the divisors Qi x Cj and Qi x Dj are not invariant and in particular there 

are no elements in the fixed locus on these divisors. The divisors Pi x Cj and Pi x Dj are a^-invariant. 

Since a^ x as fixes two points on Pi x Dj, az fixes two fibers in the P^-bundle Pi x Dj (the fibers 
over the fixed points). These fibers are clearly two rational curves. 

The involution az fixes the bases of the P^-bundles Pi x Cj and acts non trivially on the fibers. Since 

the fibers are rational curves, az fixes two points on each fiber, so it fixes two sections on Pi x Cj. 

The base of the bundles Pi x Cj are the rational curves Pi x Cj , thus the sections of these bundles 
are rational curves. Hence az fixes Adg + Acg rational curves on Zf . 

Let Zf be the blow up of Zf in the fixed locus of az, let o^ be the automorphism induced by az 
on Zf . The fixed locus of az on Zf is smooth of codimension 1, hence Yf '.= Zf /az is smooth. 
As before we have the following commutative diagram: 

i ^ i 

ZfJ^Zf^ ^ Zfjaz-Yf^ 

where Zf j az is the desingularization the quotient of Zf jaz- Putting together the two quotients of 
order 2 one obtains: 

E^xSf^ ^ ET^f^ 

{E^xSf^)la\xal ^ Zf^ ^ Zf^ 

i ^ i 

^sjo^z,^ ^ Zfjaz-Yf^ 

which shows that Yf is a desingularization of the quotient Ei x Sf by a|; x as. 

Step 4' the Hodge numbers h"^'^ and h^'^ . Let A be a Kahler 3-fold admitting a finite automorphism 
(j) fixing a finite set of points and of disjoint curves. Let A be the blow up of A along the fixed locus of 
(j) and 4> be the automorphism induced on A by 0. We can compute the Hodge structure of A by |V21 
Theorem 7.31]. The (ji-invariant part for the action of 4> on the Hodge structure of A depends only on 
the 0-invariant part of the Hodge structure of A and on the Hodge structure of the fixed locus (cf. 
[Rll Proposition 10.3.2]). In particular, if the fixed locus of (j) is made up of r disjoint rational curves, 
one obtains: 

(12) ij2(I,Z)i ~ij2(A,Z)i®i/°(B,Z) and H^{A,'L)i ^ H^{A,'L)i® H^{B,Z). 
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Since H°{B,Z) = U jmA H^{B,Z) = we obtain that h^{A/^) = dim{H^{A,Z)i) = h^{A) + r and 
h^{A/(j)) — diui{H^{A,'Z)i) = h^{A). Recalling that the Hodge numbers /i''° are birational invariants 
one finds that h^-^iA/^) = h^'\A) + r and h^'\A/^) = h^'^A). 

We apply these results to A — Ei x Sf and (p = {a^ x as)"^ and after that to ^ = Zf and (j) = ctz- 
So we obtain: 



because H^'^{E^ x 5/J("e><"s)" = H^^^{E)(g>H^'^{S)^®H^'°{E)(g)H^^^{S)-, since the anti-invariant 
sublattice of H^'^{S) with respect to the action of a| coincides with the direct sum of the eigenspaces 
for the eigenvalues i and —i for the action of as] 



h^'^iYfJ = d^m [H'^\E, x SfX^^'^'j = .9 - 1- 

To construct Zf (the desingularization of the first quotient of order two) we blow up 4(cg + dg) 
rational curves, so 



^'^\ZfJ^d^m[H'^'iE, x 5/,)("-x"-)') +4(c, + d,) = | 



51 if .9 = 2 
41 if g = 3 



To construct Yf from the 3-fold Zf we blow up 4(cg + dg) rational curves, so we have h^'^{Yf ) = 
dim (i?i'i(Z/J"2) + 4(cg + dg). Since iJi^i(Z/J"2 decomposes in the sum of H^'^{E, x S/J"^^"'^ 

and of the space generated by Qi x Cj + Q2 x Cj, Qi x Dj + Q2 x Dj, Pi x Cj and Pi x Dj one 
obtains: 

l,U^.^-..^^^l,U^.^.^'^%X^S^+^,^+dg)+^Cg+dg) = i^ll jf ^ ^ ^ _ 



(13) h'-'iYfJ^dzmiH'-^{E,xSr--'^n + Hcg+dg)+4icg + dg)=. j.g .^^^3 



Remark 5.3. The Hodge numbers of Zf^ were computed in |V1] and |B], indeed Zf^ is obtained by 
applying the Borcea-Voisin construction to the K3 surface 5*/ and the elliptic curve Ei. In particular 
5/ is associated to the invariant (r, a, 6) — (18, 4, 1) if g = 2 and (r, a, 6) = (16, 6, 1) if g ~ 3. 

Remark 5.4. In the computation of the Hodge numbers (in particular of h^'^) we used the fact that 
the fixed loci of as and of a'g do not contain curves of positive genus. 

Remark 5.5. There exists a desingularization Ysi of {Ei x Xsi) / {a^ x ax) which is a Calabi-Yau. 
Its Hodge numbers are /i^'^(ls/) — 90, h'^'^{Ysi) — 0. This can be proved as in the Proposition[ 



Proposition 5.6. The variation of the Hodge structures of weight 3 {H^iYf ,Q)}/ depends only on 
the variation of the Hodge structures {H^{Cf ,Q)}/ . More precisely, there exists an isomorphism 
(/. : H\Cf^,q) ^ H^{Yf^,Q) such that 0(i7i'"(C/^, Q)_,) = H^'°{Yf^,q) and 0(ffO>i(Q,,Q)-O = 

Proof. By the previous proposition, the Hodge structure of H^ (Yf , Q) is the sub-Hodge structure of 
H^{Ei X Sf , Q) which is invariant under the action of a% x as. By ([5]) and pUj) we have 

H'^'^Yf^X) = {ve/\Vs) = {ve/\Ve/\ujc) = H^'°{E,) (g> H^'^^iE,) (E> H^^°{CfJ-, ^ H^'^'iCfJ.,, 
since Ei is rigid. Analogously by ^ and dTTl) we have 

H'-HYfJ = H'-'iE,) ^ {H'^\SfJ)^ = H'-'iE,) ^ H^^\E,) ® H^'\Cf^\ ^ H^^\Cf^).,. 

n 

Corollary 5.7. The complex varieties Cf , Sf and Yf are parametrized by the same Shimura variety 
(cf. Provosition \l.l\) . 
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5.2. The desingularization Wi,2 of Ei x Qb^/a^^ x aq. In section[3]we constructed a l-dimensional 
family of K3 surfaces, Qb2, admitting a non symplectic automorphism of order 4, aq, such that the 
fixed loci of aq and Oq are made up of points and rational curves (cf Proposition 13. ip . Considering 
the quotient Ei x Qt^/a"^ x aq one can prove the existence of a smooth Calabi-Yau 3-fold, Wt^ , which 
desingularizes it, as in the Proposition 15.21 Also the computation of the Hodge numbers of Wt^ is 
similar to the one in proof of the Proposition [521 the only difference being the fixed locus of a^ x as- 
on the surface Qi,2 there are two rational curves which are fixed by aQ, but which are switched by aq 
(this never happens on the surface Sf^). This does not change the computation of h"^'^, but has an 
effect on h^'^, indeed if Q is a K3 surface with a non symplectic automorphism of order 4, aq, and 
there are a curves fixed by ag but switched by aq, c curves fixed by aq and d curves fixed by Oq 
and invariant for aq, then formula (J13p becomes: 

h^^'^iE, xoJi^xaq)) =dim(H^'\Ei x 5)"^ ''"'') + 3{c + d) + 2a + i{c + d). 
In our cases a = 2, c = 2, d = 4, dim (H'^'^{Ei x S)°'e>^»q\ ^ 15^ thus 

h^-\Wb2)^ 1, h^'\Wb2) = 15 + 18 + 4 + 24 = 61. 

As in Proposition 15.61 and Corollary 15. 7[ one finds that the variation of the Hodge structures of this 
family depends only on variation of the Hodge structures of an elliptic curve. 

This family of Calabi-Yau is well known (cf. [B], |R2[ Example 1], |V1) 1 indeed Wi,2 is the desingu- 
larization of the quotient Ei x Ei x E/{1 x a\ x iE,Oi^ x cue x 1) (cf. Remark 1 5. ip and hence of 
Xsi X E/{a\ X l). Thus it is obtained by the Borcea-Voisin construction applied to the K3 surface 
Xsi (which is the unique K3 surface admitting a non symplectic involution, a\, acting trivially on 
the Neron-Severi group and fixing 10 curves) and an elliptic curve. 

5.3. The desingularization M of the quotient Ei x R/a\ x an. Let the family R of K3 surfaces 
be as in the Section [421 Considering the quotient Ei x R/a^ x an one can prove the existence of a 
smooth Calabi-Yau 3-fold, M, which desingularizes it, and compute the Hodge numbers of M as in 
the Proposition 15.21 In particular 

h^^\M) = 3, h^^\M) = 11 + 3(1 + 3) + 4(1 + 3) = 39, 

and the variation of the Hodge structures of M depends only on the variation of the Hodge structures 
of the curve B such that B x Ei/G ~ R (cf Section H]). 

6. PICARD-FUCHS EQUATIONS OF THE 1-DIMENSIONAL FAMILIES 



6.1. The family Yj . By the Proposition 15.61 it is clear that the Picard-Fuchs equations of the 
varieties Sf and Yf are given by the Picard-Fuchs equations of C/ . In particular ii g = 2 we 
have a one dimensional family of Calabi-Yau 3- folds Yf (and of K3 surfaces Sf ). This situation is 
very similar to the one described in |GvG[ Section 2]. In this case one can explicitly compute the 
Picard-Fuchs equation of Cf (and hence of 5*/ and Yf ) . Indeed (by the Section [1]) one can assume 
that C/2 is given by the equation 

w^ = t{t - l)\t - Xf . 
So the curves C/^ have an equation of type 

C;, : z^ = r^{r-lf{r-Xf 

for some A G C In particular, A^ = 4 and one can assume that A = 1 and B = C = 2. The 
holomorphic one forms on this curve are w(0, 0, 0; 1) and oj{0, 1, 1; 3) where 



r^{r- lf{r-X)'^ 



uj{a,l3,-f;l) := dr. 

z' 

To find the Picard-Fuchs equations, let: 

a := -a+{lA/N), b := -(3 + (IB/N), c := -j + {IC / N) . 
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An explicit computation shows that 

A(l -A)— J + (a + c-A(a + 6 + 2c))— -c(a + 6 + c- 1) )w(a,^, 7;/) = cdh 



where h is the rational function 

h := ^ ^^^-r^ = r'-''{r~iy'''{r-\y 



r-+Hr-l)^^Kr-Xr-^ _ _ 



In particular the Picard-Fuchs equation of Yf^ is not a differential equation of order 4, but of order 
2. This implies that the Picard-Fuchs equation of the family Yf has no a solution with maximal 
unipotent monodromy. 

6.2. The family H42. In the Section [212] we constructed another 1-dimensional family of Calabi~Yau 
3-folds, W},2 , and we proved that the variation of its Hodge structures depends only on the variation 
of the Hodge structures of an elliptic curve. So the Picard-Fuchs equation of Wi,2 is the one of the 
elliptic curve z^ = r(r — l)(r — A) (which is well known, and could be computed specilizing the general 
results presented in the Section I5TT|) : 

As before this shows directly that there is no solution with maximal unipotent monodromy. 

6.3. The famiUes Y/g and M. More in general, the Calabi-Yau 3-folds obtained in the Section 
[51 as desingularization of Ei x S/G for a certain K3 surface 5* and a certain group G, admit an 
automorphism of order 4, induced by as x Is, which acts as a multiplication by i on the if ^'° of the 
Calabi-Yau. Since this automorphism commutes with the differentiation on the parameters of the 
surface 5", the Picard-Fuchs equations of these families of Calabi-Yau can not admit solutions with 
maximal unipotent monodromy (cf. (R2| ) . Moreover the fact that S is obtained as desingularization of 
Ei X B/G' for certain curve B and group G" implies that the Picard-Fuchs equations of the K3 surface 
and of the Calabi-Yau 3-fold depend only on the Picard-Fuchs equations of the curve B. Thus the 
Picard-Fuchs equations of the family Yf^ and of the family M do not admit a solution with maximal 
unipotent monodromy and are the Picard-Fuchs equations of a curve. 
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